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THE INVARIANT SUBSPACE STRUCTURE
OF NONSELFADJOINT CROSSED PRODUCTS
BY
BARUCH SOLEL

ABSTRACT. Let £ be the von Neumann algebra crossed product determined by a
finite von Neumann algebra M and a trace preserving *-automorphism a of M. We
study the invariant subspace structure of the subalgebra £, of £ consisting of those
operators whose spectrum with respect to the dual automorphism group on £ is
nonnegative. We investigate the conditions for two invariant subspaces 9, and 9,
(with Q,, Q, the corresponding orthogonal projections) to satisfy O, = R,0, R} for
some partial isometry R, in £’. We use this analysis to find the general form of a
o-weakly closed subalgebra of £ that contains £ .

1. Introduction. This paper extends some of the results of [2, 3, 4 and 8]. We are
interested in the invariant subspace structure of certain subalgebras of von Neu-
mann algebras constructed as crossed products of finite von Neumann algebras by
trace preserving automorphisms. These subalgebras are called nonselfadjoint crossed
products.

The setting here is the following. Let M be a von Neumann algebra with a faithful
normal finite and normalized trace ¢, and let a be a *-automorphism of M such that
@ o a = ¢. Form the Hilbert space L? = [%(Z) ® L}(M, @) and consider the opera-
tors L , x € M, and L, defined on L? by the formulae L, = I ® x and L; = S ® u,
where S is the usual bilateral shift on /*(Z), and u is the unitary operator on
L*(M, ¢) that implements a. The von Neumann algebra crossed product determined
by M and «a is defined to be the von Neumann algebra £ generated by {L,: x € M}
(= £(M)) and Lg, while the nonselfadjoint crossed product is the o-weakly closed
subalgebra £, generated by £(M) and the positive powers of L,. Let H? be the
subspace /%(Z, ) ® L*(M, ¢) of L*. We say that a subspace O of L? is invariant if
£, C M. Itis pure if N, LI = {0}. If every pure invariant subspace I is
of the form 9N = R, H?, where R, is a partial isometry in the commutant of £, we
shall say that the BLH theorem (i.e., the Beurling-Lax-Halmos theorem) is valid.
(The BLH theorem is usually regarded as describing the invariant subspaces of the
unilateral shift.)

In [4] it is shown that the following three conditions are equivalent:

(1) a acts trivially on the center of M.

(2) The BLH theorem is valid.
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826 BARUCH SOLEL

(3) Each o-weakly closed subalgebra of £ that contains £, is of the form
LL®(1— L,)E, ,whereeis a projection in the center of M and a(e) = e.

In general, the BLH theorem is not valid. What we can do is study the conditions
for two invariant subspaces IN,, I, to satisfy M, = R M, for some partial
isometry R, € £’. In [2], M. McAsey used the notion of multiplicity function
(associated with a pure invariant subspace) in the case where M is commutative and
found that, in this case, two pure invariant subspaces 91, I,, with multiplicity
functions m,, m, respectively, satisfy: m, < m, if and only if O, = R, Q, R* (where
Q, is the projection onto 9W;) for some partial isometry R, € £’. The multiplicity
functions of pure invariant subspaces were further studied in [8].

Our objective here is to extend this notion to the noncommutative case using an
operator valued trace on £(M)’ (see §2). Doing this, we manage to associate, with
each pure invariant subspace 9N, a function ¢( P(IN)) on the maximal ideal space X
of the center of M, such that ¢(P(9N)) < ¢(P(IM,)) if and only if Q, = R, Q,R*
for some partial isometry R, € £’ (so that 9, = R I,).

The validity of the BLH theorem is related to the maximality of ¢( P(H?)) among
the functions that can be obtained as ¢(P(9N)) for some pure invariant subspace
9. This set of functions is completely described in Theorem 3.7, which is the main
result of §3.

In §4 we find the general form of a o-weakly closed subalgebra of £ that contains
£, (see Theorem 4.5).

We also show (in Proposition 3.10 and Corollary 4.6) that our results really extend
results of [3 and 4].

We tried to keep our definitions and notations as close as possible to those of [3].
We also want to note that throughout the paper, “a projection” always means “an
orthogonal projection” and “a subspace” means “a closed subspace.”

2. Preliminaries and the definition of ¢. Let M be a finite von Neumann algebra
with a faithful and normal finite trace . We will assume that M is in standard form
and identify it with the von Neumann algebra of left multiplictions on L*( M, @) (see
[7]). The algebra M’ is its commutant on L*(M, ¢). Since M has a generating and
separating vector, M’ is also finite. We will write Z for M N M’ and identify it with
L*>( X, v) for some locally compact Hausdorff space X with a probability measure »
such that

[ far=9(f). feL=(X.).

We fix once and for all a normal, *-automorphism a of M which preserves ¢; i.e.,
@ o a = ¢. The following proposition appears in [3].

PROPOSITION 2.1. Let Ly = {f: Z — M; f(n) = O for all but finitely many n}. Then
with respect to pointwise addition and scalar multiplication and the operations defined
by equations (1)~(3), L3 is a Hilbert algebra with identity  defined by 4(0) = I,,, and
Y(n) =0,n #0.
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(1) (f+g)(n)= 2 f(k)a*(g(n—k)),
(2) (/*)(n) =[a"(f(—n))]*,
(3) <f,g>:kZZ(f(k)’g(k))Lz(M.qa)‘

Note that the Hilbert space completion L* of L} is {f: Z - LM, ¢);
2nez”f(")”zLZ(M,qp) < oo}

For fin L2, we define operators L,and R, on L* by Lig=fxgandR,g=g=f,
g € L% Both L, and R, are well-defined, bounded operators, and we set £ = {Lf:
fELGY', R ={R,: f € L§})". Also, we define L™ to be the achieved Hilbert algebra
of all bounded elements in L2. For such an f, we write L;and R, for the operators it
determines. It is known that the map f — L, [resp. f — R/] is a *-isomorphism [resp.
*.anti-isomorphism] from L® onto £ [resp. R ]. Moreover, £ and &} are finite von
Neumann algebras with R’ = £. We call L*® the selfadjoint or von Neumann algebra
crossed product determined by M, ¢, and « and refer to £ and @R as the left and right
regular representations of it.

The original algebra M is identified with the subalgebra {xy: x € M} of L*, and
we write L, (and R ) for L, (and R, ). We have, for f € L?

(L f)(n) =xf(n) and (R,f)(n)=f(n)a"(x).

Wewrite E(M) = {L,: x EM} and R(M) = (R,: x € M}.

If we let § be defined by 8(n) = 0if n # 1, 8(1) = I,,, then it is easy to check that
£ is the von Neumann algebra generated by (M) and L, and, similarly, & is
generated by R(M) and R,.

The automorphism group {B,},cg of £ dual to a in the sense of Takesaki [9] is
implemented by the unitary representation of R, {W,},cg, defined by

(W.f)(n) = e*™™f(n),  fE€ L

that is, B(L,) = W, LW*. Similarly, B(R,) = W,R W 1t is easy to see that
B(L;) =Ly, for fin L* and similarly for R,. One can check that the spectral
resolution of {W,},cy is given by

o0
— 2mint
W,= Y e¥™m"E,

n=—o0
where E, is the projection on L? defined by
k=n
E f)(k) = {f(”)’ ’
(E,f)(k) o s

The restriction of E, to L* will be denoted by ¢,, and we shall write ¢,( L)=L

en(f)
ande,(R;) = R, ;). We have

1 .
_ -2
= [

where the integral converges in the o-weak topology when applied to operators.
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We define H2 = {f € L f(n) = 0, n <0}, and we let H® be L® N H2. We refer
to H* as the nonselfadjoint crossed product determined by M and a. Also, we set
E,={L;:fEH"}andR, = (R,: fE H*}.

The algebra £, (resp. R, ) is the o-weakly closed algebra generated by L, and
(M) (resp. Rg and R(IMN)) (see [3, Theorem 2.2])).

In studying the invariant subspaces of £, we will need the following definitions.

We shall say that a subspace O of L? is: left-invariant, if £, O C I ; left-reduc-
ing, if LI C I; left-pure, if I contains no left-reducing subspace; and left-full if
the smallest left-reducing subspace containing 9N is L? (throughout the paper, a
subspace means a closed subspace). The right-hand versions are defined similarly,
and a subspace that is both left- and right-invariant will be called two-sided
invariant. In order to shorten the writing, whenever we refer to a subspace as being
invariant, reducing, pure or full, we mean that it is left-invariant, left-reducing, etc.
The following result is Proposition 3.1 in [3].

PROPOSITION 2.2. Let 9N be an invariant subspace in L*. Then
(1) O reduces (M );

(2) O reduces L if and only if O reduces Lg;

(3) M is pure if and only if /\ o L3N = {0}; and

(4) M is full if and only if V <o LEOM = L2,

If 9 is an invariant subspace, then the subspace I = IM © LN is a wandering
subspace; i.e., L9 and LU are orthogonal when n # m. We can write O =
32, B LN O M, where M, = N, .o LiON. Clearly I is a reducing sub-
space and 2%_, @ L3I is a pure invariant subspace. Since each reducing subspace is
of the form R,L? for a suitable projection e in L* (see [5]), the analysis of the
invariant subspace structure of £, may be reduced to the analysis of the pure
invariant subspaces. For such a subspace 91, denote by P(9N) the orthogonal
projection onto M © LIN. A projection on a wandering subspace will be called a
wandering projection. Thus, with every pure invariant subspace 9L we have associ-
ated a wandering projection P(9R) such that the range of the projection

% o L§P(DM)Ls " is M. Also note that, since I is invariant, it reduces £( M) and,
therefore, P(9N) lies in £(M ). Conversely, if P, in £(M ), is a wandering projec-
tion, then the range of £, L3 PL; ", denoted 9N( P), is a pure invariant subspace.

It is shown in [3, Theorem 3.2] that when 9, i = 1,2, is a pure invariant
subspace of L?, and Q, is the orthogonal projection onto 9, then P(IM,) < P(M )
(in (M) if and only if there is a partial isometry R, in % such that 0, = R Q|R}
(in this event M, = R IN,). One can also check, following the proof of this result,
that if P(9,) ~ P(9N,), then we can have R, R* = 0, and R}R, = Q,.

Therefore, in order to analyze the invariant subspace structure we will study the
relation “ < ” among the wandering projections of £(M ). We will do this using the
£(Z)-trace on L(M) (where £(Z) = {L.: c € Z} = £(M) N E(M)’). Let

%, = {P € L(M)’: Pis a wandering projection}.

We will define an £(Z)-trace following [1, Chapter III, §4]. The algebra £(Z) is
*.isomorphic to the algebra L*( X, v) (since Z is *-isomorphic to £(Z)). Define £ to
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be the set of nonnegative measurable functions, finite or not, on X (we identity two
functions in Z if they are different only on a set of measure zero). In some cases we
will write £(Z) instead of €. This should not cause any confusion since Z can be
identified with £(Z).

DEFINITION. An £(Z)-trace on £(M)’, (the positive cone of £(M)’) is a map ¢,
defined on £( M), , with values in Z, satisfying:

MWIT,SeL(M), ,theng(S + T)=¢(S) + ¢(T).

QIfSEL(M)Y, and T € 2(Z), , then ¢(TS) = Tp(S).

B3)If S € R(M), and U € £(M) is a unitary operator, then ¢(USU*) = ¢(S).

We say that ¢ is faithful if whenever S lies in £(M)’, and ¢(S) = 0, then S = 0.

We say that ¢ is finite if (E(M ). ) C £(Z), and semifinite if, for every S # 0 in
(M), , there is an operator T € E(M), , T # 0, such that T< S and ¢(T) €
£(2), .

We say that ¢ is normal if, for each increasing net {S,} in £(M)’, , sup, ¢(S,) =
d(sup, S,)-

We note that when we write just “trace”, and not “£(Z)-trace”, we always mean
a numerical trace.

LEMMA 2.3. The algebra E,\ (MY E,, is unitarily isomorphic to M'. In particular, E,
is a finite projection in (M.

PRrOOF. The operator U: E,(L*) - L*(M, @) defined by Uf = f(0) is an isometry
from the range of E, onto L*( M, ¢). It is easy to check that U*MU = £(M)E,.
Thus E,E(MYE, = (E(M)E,) = (U*MU) = U*M'U. O

Since £(M)’ is a semifinite algebra, there is a semifinite normal faithful trace 7
defined on £(M)’, . Since ¢, restricted to Z, (= L*(X, »), ) is a semifinite normal
faithful trace (on Z ), there is a semifinite normal faithful trace w defined on Z that
extends o (see [1, pp. 244-245)). In fact, w(S) = [y,Sdv, S € Z. Using [1, Proposi-
tion 3, p. 247), we can find a unique normal £(Z)-trace ¢, such that 7 = w o ¢,,.
Since 7 is faithful, so is ¢,. Also, 7 is semifinite and w is faithful; hence ¢, is
semifinite (see [1, Proposition 2, p. 246)).

Since E, is a finite projection in £(M)’, we have 7( E;) < oo; hence, [y ¢( E,) dv
< oo and ¢y( Ey) < o0, a.e. If ¢y( E;)N = 0 for some nonzero projection N in £(Z),
then ¢y(E,N) = 0, which implies, by faithfulness of ¢,, that E,N = 0. This is
impossible, since if N =L, ¢ € Z, ¢ # 0, then (E,Ny)(0) = ¢ # 0 (where ¢(0) =
Iy, Y(n) = 0 for n % 0). Thus, 0 < ¢y( E,) < 0, a.e.

This allows us to define another £( Z)-trace by

o(T) :¢0(T)¢0(Eo)—la TeER(M),

It follows that ¢ is the unique, faithful, normal, semifinite £(Z)-trace that maps E,
into / (for uniqueness see [1, Theorem 2, p. 248]).
The £(Z)-trace ¢ induces a map p, from (E,L(M)E,), into (2(Z)E,)., , by
p(T) = Ew(T), T € (EL(M)E,). .

The map p is actually a finite, faithful, normal, center-valued trace on
(EoR(MYE,), . To check that, for each ¢ € (R(Z)E,), (where £(Z)E, is the



830 BARUCH SOLEL

center of E 2 (M) E,), p(¢) = c, write ¢ = ¢, E, where ¢, € £(Z). Then

p(c) = Egp(c) = Egp(c,Ey) = ¢, Ep(Ey) = ¢, Ey = c.
All the above-mentioned properties of p follow from the corresponding properties of
¢.

Let C denote the set {g € L*(X,»); L,E,=p(P), P is a projection in
E\£(MYE,)}. Since L, E, = L E, implies g = f(g, f € L*(X,r)), we have C = {g
€ L(X,»v); L, = q)(P), P is a projection in EyR(M)E,}. Identifying E\2(M)'E,
with M’, and £(Z) with Z, we can say that C is the image of the dimension function
on the projections of M’

LEMMA 2.4. Let Q be a projection in E,C(M)E, with $(Q) = L, f€Z. Then
LsQL} lies in E(M) and ¢(LsQL§) = Loy

PROOF. Let p be the unique, faithful, normal, center-valued trace defined, as
above, by p(T) = Eq¢(T). For T € E\R(M)E,, R§L;TL¥R also liesin E,2(M)'E,
(since RIL;E\L{Rs = R}E,Rs = E,), and we can define p(T) =
a '(p(RYLsTLER,)), T € (E,L(MYE,), (where a"‘(L/EO) is defined to be
L,-()Eo)- Then, for each L E, € (E(Z)E,), ,

p\(LEy) = a ' (p(RELyL,E,LER,)) =« (p (R L, RsRLE\R;))

o(f)
= o (p(LofyEo)) = a Loy Eo) =

Hence p, is also a center-valued trace and, thus, p, = p, and this completes the
proof. O

Suppose E, F are projections in £(M ). From the trace properties of ¢ it follows
that:

(1) E ~ Fimplies ¢(E) = ¢(F).

(2) E < Fimplies ¢(E) < ¢(F).

(3) If E < Fand E ~ F, then ¢(E) < ¢(F), providing ¢(E) < c0.

WDIfH(E) < $(F) < o, thenE < F.

This is proved as follows: assume E ¥ F; then QF < QF and QF ~ QF for some
projection Q in £(Z); hence, Q¢(F) = ¢(QF) < ¢(QE) = Q¢(E), which con-
tradicts our hypothesis.

(5) If ¢(E) = ¢(F) < oo, then E ~ F (follows immediately from (4)).

COROLLARY 2.5. Suppose O, i = 1,2, is a pure invariant subspace such that
¢(P(IN,)) < 00. Then ¢p(P(IM,)) < ¢(P(IN,)) if and only if there is a partial
isometry R, in R, such that Q, = R,Q,R% (where Q, is the projection onto ;). (We
will later see that the condition $(P(IN,)) < oo is redundant.)

3. What is ¢(9,)? Define 5, = {f € Z: f= Z_o(k + g,)N, + o0 -N_, N, are

projections in L*(X, ») with N,N, =0, k#j, and N, + 32 (N, =1, g, € @}
Also, let C denote the set of prolectlons N in Z satisfying a(N) = N and let %,
{f €9, 9(fN) < ¢(N) whenever N € C}. The main result of this section is that
&(P) =L(F) (= {Ly: f € %,}). This will completely analyze the invariant space
structure with respect to the relation Q, = R Q,R* where 9, = Q, (L?) (see
Corollary 2.5).
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Now, let %, be the set of projections in £(M)".
LEMMA 3.1. (D) = £(%,).

PrOOF. We will use the following notation: whenever N is a projection in
L™(X, »), N will denote a subset of X with N = x 7 (unique when we ignore sets of
measure zero). Conversely, when N is a subset of X, N is the corresponding
projection in L®( X, »).

Suppose P lies in &, and denote by P, the projection I;_, E, (in ¥,), then
¢(P,) = (n+ 1)I. Since $(P) € £(Z), ¢(P) = L,, f € Z. Let N, be the set {x € X:
k < f(x) <k + 1} (well defined up to a set of measure zero). We have

kKN, <N,f<(k +1)N,, o >k=0,
and
kLy, = ¢’(LNAP/(—|) < ¢(LN‘P) < ¢(LN‘Pk) =(k+ l)LN"
Fix 0 < k < oo. Then there are F, E € %, such that
LyP, \~F<LyP~E<LyP,
and
O<LyP—-F<LyP,—LyP,_,=LyE ~LyE,.
Hence Ly P — F ~ Q < Ly E, for some Q € %, and
¢(LNkP) — kN, = ¢(LNAP — F) =¢(Q) €£(C).
Hence,
¢(LyP)=kLy +LyL,. g €C.
This holds for each 0 <k < co. For k = o0 we have ¢(LyP) = c0-L, (where
00 -0 = 0-00 = 0); and, thus,
[oe]
o(P)= 3 ¢(LNkP) + ‘b(LNmP) € R(%).
k=0
For the other direction, let f be in %, and let g, be in € such that
o0
f= 2 (k+g)N, + oo “Neo»
k=0
where N are projections in L*( X, »), N, N, = 0 when k #j,and N, + Z2_ N, = I.

In order to show that L, lies in ¢(%,), it will suffice to produce, for each 0 < k < oo
a projection Q, in %, with

o(Q) =kI+L,, k<oo, and ¢(Q,)= co.

Indeed, if Q, € ¥, are such projections, then

b

o0
¢ 2 QkLNk + QooLNw = Lf-
k=0

For 0 <k < o0, there is a projection F, € E\L(M)E, with ¢(F,) = L, (since
g« €C); then ¢(F, + ZXZ4E,)=kI+ L,, so we let Q, be F, + 3*Z E,. For
k = o0, let Q be I, and we are done. [J

8K
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LeMMA 32. () Iff € C, then a( f) € C.
Q) Iff, LEC, thenfy, Nf, € Candf — f, N f, € C.
(3) If £,, f, € C, then the function

f(x) = {f,(x) + (%), filx) + hH(x) <1,
fi(x) + H(x) — 1, otherwise,

lies in C.

PROOF. (1) Let L, be ¢(Q), Q a projection in E,L(M)E,. Then Ly =
¢(R%L;OL¥R;) (by Lemma 2.4) and R L;QL3R; also lies in E\L(M)E,,.

@) Ife(Q)=L;,i=1,2, then f=fy Nf, =N, f, + N, f, for some projections
Ny, Ny in L*(X,») with N\N, = 0, N, + N, = I. Thus L, = ¢(Ly @, + Ly,Q,) €
£(€). For the other part, f, — f; A\ f, = Ny(f, — ;) and, since ¢(Ly,Q,) = Ly, L,
=Ly L, = ¢(Ly,Q,), there is some projection E € %, such that Ly Q, ~E <
Ly,Q,. We have ¢(Ly,Q, — E) = Ly(L; — L;); hence, f, — f, A f, € C. Simi-
larly, , — f, N f, € C.

(3) For some projections N,, N, in L*( X, v) with NN, = 0, N, + N, = I, we have
=N +H)+N(fi+f,—1) and ¢(Q)=L;, i=1,2, Q EF, Q <E,.
Since

¢'(Q|LN,) =L, Ly <Ly —L,Ly =Ly — ¢(Q2LN.) = ¢(E0LN. - QzLN,),
there is some E € 9, with Q\L, ~ E < E,Ly — Q,Ly. Therefore, Ly(L; + L;)
= ¢(Ly(Q, + E)), so N(f, + f,) € C. Similarly, N,(f, + £, — 1) €C; hence f €

C. O
As a consequence of Lemma 3.2, we obtain

LEMMA 3.3. Let f,, i = 1, 2, be in 9,; then
MA+HLE

Q) iff, = fy, then fy — f, € F;

OHNKE (’}0;

@) a(f) €Yy, i = 1,2 (where a(o0 - N) = o0 -a(N,)).

We now proceed to define, for each f € %, two other elements of %,, to be
denoted by B( f) and y( f), that will play an essential role in the proof of the main
result.

But first we define, by induction, a sequence { f;}3>, of functions in Z as follows:

k—1
-y ak—"o;)).
n=0

N

k=1
HEIAL f= (f— S 1,
n=0
For each k, f, lies in %, (Lemma 3.3) and we can define B(f) to be I, f, =
sup, Z_, f,. For each k =0, f, <f— 3*Z} f: hence B(f) < f. Similarly, for each
k=0,f,<1— 3%} ak7"(f,); hence,

k k—1
2 () =\ it goak-"(f,.)) <a()=1;

thus we can define ¥(f) to be SX_q a™"(£,) (= sup, Sk_o a™"(£,)) and ¥(f) < 1.
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LEMMA 3.4. For each f € %, there are projections {Q,}, with the following
properties:

(1) 0, € EE(M)YE,, 0,0, = 0ifi #J;

(2) p(Zr=0 Q,) = y(/);

(3) ¢(Z5=0 L5Q,Ls ") = Ly sy
Therefore, Lg ;y and L., lie in (%)) (recall that P, is the set of the wandering
projections in 2(MY’).

PrOOF. For each n =0, a™"(f,) lies in ¥, (by Lemma 3.3). Also we have
a”"(£,) < 1; hence a~"( f,) lies in C and, by the definition of C, there is a projection
Q, in E\£(M)E, with ¢(Q,) = L,-n,,. Since Z3_a "(f,) < 1, we can choose
{Q,)7-( in such a manner that 0,0, = 0 whenever n # m. From Lemma 2.4 we get

$(L3Q,Ls") = Ly,

and ¢(25_o L5Q,L;s ") = Ly, (note that {L5Q, Ly "} is an orthogonal family of
projections since LjQ, Ly " < E,). It is only left to prove that 3%, L{Q,Ls " lies in
P, (2F-, Q, clearly does, since Q,, < E, for each n). For this, it suffices to show that,
for each k # 0, LE¥(L?Q,Ls ")L;* is orthogonal to L?'Q, L; ™ for every n, m € Z.
But

Lg(LanLS_n)LS_kLSanLﬂ—m < Ek+nEm;
thus we can take k = m — n, and then we have L{’Q,0Q,,Ls™ =0 (since 0 ¥k = n
- m).

Note that, since ¢(%P,) C ¢(F,) = £(%,), B(f) and y(f) liein §,. O

LEMMA 3.5. For f € %), the following statements hold:

(1) If, for each projection N € C (i.e., NE€ Z and a(N) = N), ¢o(fN) < ¢(N),
then B(f) = f.

(2) For each projection N € C, p(B(f)N) = @(y(f)N).

(3) If, for some N € C, (fN) > @(N), then there is another projection Q € C,

Q < N, such that y(f)Q = Q and B(f)Q < fQ.
(4) Both y(f) and B(f) lie in F,.

ProoF. Fix f € %,. By definition, B(f) = 22, f, and y(f) = 22, a""(f,) for
the sequence { f,}>, constructed by induction from f For NeC, B(f)N=Zf,N
and y(f)N = Za™"(f,)N. Hence,

(B(IN) =Zo(f,N) =Zo(a™"(f,N)) = Zo(a™"(£)N) = o(¥(f)N).
This proves (2). To prove (1) assume ¢( fN) < (N ) foreach N € C, and B(f) # f.
Let N0 be the set {x € X: B(f)(x) <j(x)} then u(N )>0.In partlcular f>fyon
N But f,=fAN1; hencefo—l on N0 and also y(f)—l on N0 For k>0,
Eﬁ=0 1< B( f ) <f on N, implies that f, <f— 3SkZl f there. Therefore, on N,
fi=1-=3kZlak7"(f) and, consequently, Sk Oa"’(f)— 1 and y(f)=1 on

a”%(N,). Let N be the set U a=%(N,). Then y(f) =1 on N and N lies in C.

Smce B(f)<fon N0 C N, we have o(B(f)N) <o(fN) (]\A’0 was assumed to have a
positive measure). Therefore,

o(/N) > o(B(/IN) = o(v(fIN) = o(N).
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The last equality follows from the fact that y(f) =1 on N. We obtained a
contradiction and, thus, proved (1).

Now assume ¢( fN) > @(N) for some projection N € C. Let 1\70 be the set
{x € N:y(f)(x) < 1}. In particular, f, < 1 on ]\70, but since fy = f A 1, f, = f and
also B(f)=f on N,. For k>0, S*_ja "(f,)<1 on N, implies f, <1 —
SkZiak7(£) on aX(N,) and, consequently, B(f)=f on UZ_,a*(N,) (to be
denoted by N, ). Since

o(/N) =(B(fIN,) =o(¥(f)N,) <@(N,) and ¢(/N)>¢(N),

we have ¢( f(N — N,)) > (N — N,) (note that N, C N and N, € C). Let Q denote
the projection N — N,. Then Q lies in C and y(f) =1 on Q (since }\70 C ]\71). If
B(f)Q = fQ, then ¢(fQ) = (B(f)Q) = ¢(¥(/)Q) = ¢(Q), contradicting what
we have seen above. Therefore, 8( f)Q < fQ.

We now turn to statement (4). Since y( f) < 1, clearly ¢(y( f)N) < ¢(N) for each
N € C. For B(f) we have o(B(f)N) = @(¥(f)N) < @(N); hence B( f) also lies in
. O

LEMMA 3.6. Let Q be a projection in C and F,, i = 1, 2, a projection in P, satisfying
the following conditions:

) ¢(F1LQ) < ¢’(F2LQ) < 0, and

() 27— LsF\LyLy" = L.

Then there is a unitary operator U € R such that UF\L,U* = F,L, and $(F\L,) =
S(F,Ly)

PROOF. Since ¢(F\L,) < ¢(F,L,) < oo, there exist a projection E in P(MY and
a partial isometry Win £(M)’ such that F,L, = W*W, E = WW* < F,L,,. Let [,
be the operator 25 _  L{WLs". Since W is a partial isometry with initial projection
F\L, and final projection E, L;WL; " is a partial isometry (in £(M)’) with initial
projection LyF\L,Ls" and final projection L§EL;". Therefore, U, is a partial
isometry in £(M )’ with initial projection L, (condition (ii)) and final projection

[o ] [oe]
2 LiEL;"< Y LiFLyL;"<L,.

n=—oo n=-—oo
Clearly, U, lies in R and, thus, from finiteness of %, we get that its final projection is
L,. Now let U be the unitary operator (in ®) defined by U= U, + (I — L), and
we have

UF\LyU* = UyF\LoUs = WF LoW* = E

and

o0
> LiEL;" = JLjUF,LU*L;" = U( S LiF,LyLy")U* = ULU* = L.
n=—oo
In order to show ¢(F,Ly) = ¢(F,Ly), we will show F,L, = E. For this, define
P=FL, - E, then PE =0 and, for each n € Z, n # 0, P is orthogonal to
LZEL;" because P< F,L,, LiELs"<LgF,L,Ls" and F,L, is a wandering
projection. Since L§ELs" = Ly and P = PL,, P = 0, and we are done. []

n=—oo
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THEOREM 3.7. ¢(P)) = £(F)).

PROOF. (a) Suppose f lies in % ,; then, by Lemma 3.5(1), f = B(f). By Lemma 3.4,
L, = Ly, liesin ¢(F)).

(b) Suppose now that P lies in %, and L,= ¢(P). By Lemma 3.4 there is an
orthogonal family of projections {Q, )5, in E (M) E, with ¢(2Q,) = L,,, and
¢(ZL5Q,Ls") = Lg ). Denote 2Q, by E and TL;Q, Ls " by F.

If f& %, then there is some projection Q € C such that y(f)Q = Q and
B(f)Q < fQ (Lemma 3.5(3)). Consequently,

$(ELg) = Ly Lo = Lo = $(EgLy)
and
¢(FQ) = Lg ;Lo < L,L, = ¢$(PQ).

We also have EL, < E,L,, but since E, is a finite projection (in £(M)’) and
¢®(ELy) = ¢(EyLy) implies EL, ~ Ey L, then E,L, = EL,. Consequently,

oC o0 o0
Y LiEL,Ly"= 3 LiEL,L;"= 3 LiEL;"Ly=L,.
n=— —oc n= —oo n=—o0
Also,
oc o0 [ee]
2 LiFL,Ly"= X LS( 2 LéQkLs"‘)LE”LQ
n=-—o0 n=-—oo k=0
[e ¢] [e¢]
= 3 Lg( > Qk)Lg"LQ: 2 LIEL,L;" = L,.
n=—oo k=0

Now we can use Lemma 3.6, with F, P in place of F|, F,, and we find that
¢(FLy) = ¢(PLy), which is a contradiction. U

PROPOSITION 3.8. Suppose f lies in I, and, for every projection N, in C, p( fN) =
@(N). Then there is some P € P, with ¢(P) = L, and 2x o L3PLy" =1 (i.e., the
corresponding subspace is full).

PRrROOF. From Lemma 3.5(1) we know that f = B( f). Therefore, 1 = (1) = ¢(f)
= @(B(f)) = e(v(f)). But y(f) < 1; hence y( /) = 1. Hence, with the notations of
Lemma 3.4, 37,0, = I and ¢(Z5_, L5Q,Ls") = L;. An easy calculation shows
that

oe oo
2 Lé( 2 LSQnL.s‘")L"‘ =1,
k=—o0 n=0

and this completes the proof (P = 2%_, L§Q,Ls"). O

Let %, denote the set of all f € F, with o( fN) = @(N ) for each projection N € C.
Then we have

COROLLARY 3.9. £(%,) = ¢({P € P,: M(P) is full}).

PROOF. One inclusion was already proved in Proposition 3.8. For the other, let
P €%, be a projection such that IN(P) is full, ie, Z° __ LIPL;" = I. Since

n=—oo
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P E 9P, ¢(P)=L,and f € F,. If for some projection N € C, ¢(fN) < ¢(N), then
¢(PLy) = L;,Ly<Ly=¢(E,Ly). We can use Lemma 3.6 to obtain ¢(PLy) =
¢(E,Ly), which is a contradiction. O

The next proposition was proved in [4]. We obtain it here as a special case of our
analysis.

PROPOSITION 3.10. (1) «a fixes Z elementwise if and only if every pure invariant
subspace of L* has the form R H? for some partial isometry v in L. (2) M is a factor
if and only if C = {0, I} and each pure invariant subspace of L* has the form R H?
for some partial isometry v in L™.

PROOF. (2) follows immediately from (1); hence it suffices to prove (1).
Assume «a fixes Z elementwise; then %, = {f € %,: f< 1}, and for every pure
invariant subspace M of L* we have

o(P(M)) <1=9¢(E,) = o(P(H?)).

From Corollary 2.5 it follows that 9 = R H? for some partial isometry v in L®.
For the other direction, if a does not fix Z elementwise, then there is some
nonzero projection N in Z with a(N)N = 0. Let f, in Z, be 1 + N — a(N); then f
lies in %, and, thus, L, = ¢(P) for some P € &, with a corresponding invariant
subspace M that is full. If 9 = R H? for some partial isometry v € L*®, then
LW = R, LiH? for each n € Z. As M is full, R,L> = L?, and R, is a unitary
operator because % is finite. Therefore, if we let Q be the projection onto 9N, and
Q, is the one onto H?, then Q = R, Q,R* and, consequently (Corollary 2.5),
¢(P) < ¢(E,;) = 1. But ¢(P) = L, < 1. Therefore, I is not of the form R ,H?2. O

4. Subalgebras of £. In [4] it was shown that, when a fixes the center of M, every
o-weakly closed subalgebra of £ which contains £, is of the form (1 — L,)E® L,£,
for some projection e in C. We shall extend this result here.

Let 9N be a pure invariant subspace of L?; then B(IM) = (L, € £: L, 9 C M}
is a o-weakly closed subalgebra of £ that contains £, . Conversely, let % be such an
algebra and 9N, the subspace [B], (i.e., the closure, in L?, of %). Then 9N, is an
invariant subspace and M = M, © N _, LN, is a pure invariant subspace of L*.
By [6, Theorem 1], ® = B(IMN,) (because L,[B], C[B], implies L,y € [B],;
hence L, € ®). Also, the subspace N _,Li9N, is a reducing subspace for £, ;
hence it is the range of a projection in £’ (= ®) and, consequently, B(IM) =
B(M,) = D.

We conclude that, in order to obtain all the o-weakly closed subalgebras of £
containing £, , it is enough to consider those of the form B(IN) for some pure
invariant subspace 9.

Suppose 9N, is a pure invariant subspace, for i =1, 2, with ¢(P(IM,)) =
o(P(IM,)). Let Q, be the orthogonal projection onto 9N,; then, by the discussion in
§2, 0, = R,Q, R for some partial isometry v € L*, and R} R, = Q,. In this case

%(@Kz) = {TE £: 0,70, = TQ2} = {T er: R,O\RtTR O Rt = TROQ,R’:‘,}
={T:R,Q,TQ\R} = R,TOR*}
C {T: R%R,Q,TQ,R*R, = RtR,TQ,R%R,} = B(IM,).
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Hence, by symmetry, B(IM,) = B(IN,). It suffices, therefore, to consider, for each
f € F,, just a single pure invariant subspace 9 with ¢(P(9N)) = L,. Such a
subspace can be obtained by Theorem 3.7. The set of subspaces that can be obtained
by the procedure of Theorem 3.7 will be denoted by S.

LEMMA 4.1. WO = O for each t € R and O € §. Consequently, B,(H(OM)) =
B(OM) and e, (B(M)) C B(OM), n € Z.

PROOF. Let P be P(9N) for some M € S. Then P = 3%, LiQ,L;" for an
orthogonal family {Q,}*_, of projections in E,2(M)E, (see Theorem 3.7). It is
enough to show that W,L{PL;"W* = L{PL;", n=0, t € R, because M is the
range of 27_, Ly PLs". We fix n = 0 and ¢ in R, and note that

0
— 2mikt —-n +k —n—k.
W,= 3 "E, and LiPL;"= 3 LyQLy"
k=—o0 k=0
then
VV,L;PLS_"I'V,* = 2 eZwiktEkLg+IQL8—n—/e—21rimtEm
mkEZL,
=0
©
— 2 e2"'("+l)’Lg+[QILE"_I€_2"'("+1)I — LgPLB_"
=0

The second equality above follows from the fact that L7*'Q,L;""' is in
E, . £(M)E,, Therefore, W9 = 9N for t €ER and M ES. Since B(L,) =
W, LW, it follows that B(B(IM)) = B(IMN), and the last assertion follows from
the representation of ¢, as the integral (convergent in the o-weak topology when
applied to operators) [y e *""B,dr. O

LEMMA 4.2. For x € M and k>0, L, L5* lies in D(ON) (where O is a pure
invariant subspace in S) if and only if x € ﬂfnzla"'"(A) where A = {x € M:
L P =0} (P=POM)).

PROOF. As was seen before, P = 32, L{Q,Ls"' for some orthogonal family of
projections {Q, )}, in E\R(M)E,, and Q = 32, L'PL;" is the projection onto
9. Then

[o o] 0 [ee] oo
Q=X LiPL;"= 3 LS( 2 LfsQ/Ls_l)La_" = 2 LG L; ',

n=0 n=0 \/=0 1=0
where C;= 3/ _,Q,. Let 9, be the range of LiC,L;"; then M =32, & I,
oM, C E,(L?), and L, Ly*M, C E,_,(L?). Hence, L L;* maps N into itself if
and only if it maps 9, into O, _, for each n = 0 (where we let M, = {0} if / < 0).
Let N, be the range of Q,, for m = 0; then M, = 2" _, ® LiN,,. For a fixed
n =k, L, Ly* maps O, into O, _, if and only if

n n—k
LL*Y ©@LiN,C 3 &Ly o,

m=0 m=0
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This occurs if and only if L Lg* vanishes on L}9,_ for each n = m > n — k. For
k>n=0, L Ly* maps M, into M, _, (= {0}) if and only if it vanishes on L}
foreachn =m = 0.

Considering an arbitrary n = 0, we see that L _L; * lies in (9N ) if and only if it
vanishes on L§9 for each n = 0 and n = m > max(—1, n — k). We can write this
condition in a different form. Let ON' be the subspace 3%, @ L291,; then one can
easily check that L, Ly * lies in (9N ) if and only if it vanishes on ZX_1 L7ON'; i.e.,
if and only if L, vanishes on ZX_, Ly ™9'. But 9' is the range of P; hence L Lz *
lies in B(9N) if and only if L Ly ™PLF = 0 for each k = m = 1; i.e., if and only if
LyniyP = Lg(L, Ly "PLy)Ls™ =0 foreachk=m=1. [

LEMMA 4.3. For P € 9, denote by e the range projection of $(P) (e € £(Z)). Then
(xEM:LP=0)={xeEM: L €M) —e)}

PrROOF. Set J = {L, € £(M): L, P = 0}; then J is a strongly closed two-sided
ideal in £(M) (since P € 2(M)'). Hence J = £(M)N, for some projection N, €
£(Z). For each projection N, in £(Z), N lies in J if and only if NP = 0. Since ¢ is
faithful, this occurs if and only if ¢(NP) = 0; i.e., if and only if N¢(P) = 0. Since
N, is the largest projection in £(Z) N J, Ny =1—e. O

Let e be a projection in £(Z). We define B(e) to be the following subset of £:
B(e) = {T € L: ¢(T) € (1 — e )L(M)Lt for each k € Z}, where e, =
VK a™"(e), for k <0, and e, = 0 for k = 0.

LEMMA 4.4. The projections {e, }¥- _ ., defined above satisfy, for each n, k € Z,
(%) e,(1 = e )(1 — a*(e,—,)) = 0.

Proor. We will distinguish between four cases:

(1) When n = 0, e, = 0 and (*) is obvious.

(2) When n < 0 and & = 0; then

k—n

-n
e, =0, e,= Va"(e), e,_,= a "(e)
=1

n

m=1 m
and
—n -n
a(e,.,) = V a"(e)= V aT"(e) =e,.
m=1—k m=1
Hence e, (1 — a*(e,_,)) = 0.

(3) When k <n <0, then e, , =0 and we have to show e, < e,. This is clear
since —n < —k.

(4) Whenn <k <0, thene, = V2, a "(e), e, = V< a""(e) and a*(e,_,)
=V, L _ra ") Forl<sm< —k, a™e)<e, and for —k + 1 <m < —n,
a ™(e) < ak(e,_;). In both cases a ™(e)(1 — e, )1 — a*(e,_;)) = 0. Now (%)
follows from the definition of e,. O

REMARK. If f lies in L™, then &, (L) = Lﬂk)Lf; for each k € Z. Indeed, for each
x EMandeachk € Z,

i) [OE P

k times
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Hence,

— — — — k
e(Ly) = L, = Lg,,, = Lyxyyse.=s = Ly Ls-

THEOREM 4.5. (1) For each projection e, in £(Z), B(e), as defined above, is a
o-weakly closed subalgebra of © that contains £, . (2) For each o-weakly closed
subalgebra B of C, that contains £, , there is some projection e, in (Z), such that

B = Pe).

PRrOOF. (1) Fix a projection e in £(Z). B(e) is clearly a linear subspace of £ and
contains £, since e, =0 for k=0. Now, let T and S, in £, be L, and L,,
respectively, and assume they both lie in %B(e); i.e., for each k € Z, £(T) = L, oL§
and g,(S) = L, k)Lg‘ both lie in (1 — e, )2( M )L (see the remark following Lemma
4.4). We wish to show that ¢,(TS) lies in (1 — e,)2(M )L} for n € Z; this will prove
that ®(e) is an algebra. But ,(TS) = L sz, L5, Wwhere (f*g)(n) =
°__ . f(k)a*(g(n — k)). Hence, it will suffice to show

Lf(k)a‘(g(n—k» € (1 —e,)E(M).

Since Ly, € (1 —¢,)E(M) and L, € (1 —e,_,)E(M), this follows im-
mediately from Lemma 4.4.

The algebra B(e) is also o-weakly closed since ¢, is o-weakly continuous for each
k € Zand (1 — e, )2(M)Lf is a o-weakly closed subspace.

(2) Let % be a o-weakly closed subalgebra of £ containing £, . By the discussion
preceding Lemma 4.1, there is a pure invariant subspace M € & with B = B(M.).
For P = P(9), let e € £(Z) be the range projection of ¢(P). We claim that
B = Pe).

Let T be in B, then £,(T) € B for each k € Z (Lemma 4.1); hence, ¢,(T) = L Lf,
where x lies in N* a™™(A4), 4 = {x € M: L _P = 0}, when we understand the
intersection over an empty index set as M (Lemma 4.2). Using Lemma 4.3 we find
that (T lies in A\ ,% (1 —a™"(e))2(M)LE (where the intersection is £(M)L%
when k = 0). Thus ,(T) lies in (1 — ¢, )2(M)LE, as defined following Lemma 4.3,
and T lies in ®B(e). Therefore B C “B(e).

Using Lemmas 4.3 and 4.2, again, we see that ¢,(%B(e)) C B. Consider the
subspaces [D], and [%B(e)],. We know [B], C [B(e)],, since B C B(e), and
E [B(e)] C[B],. As ZE, = I,[D(e)], = [B],. By [6, Theorem 1], B = R(e). O

As a special case, we have (see [4, Theorem 3.3 and Corollary 3.5])

COROLLARY 4.6. (1) Every o-weakly closed subalgebra B of £ which contains C, has
the form® = (1 — L) ® L, £, ( for some projection e € C) if and only if « fixes Z
elementwise.

(2) £, is a maximal o-weakly closed subalgebra of £ if and only if M is a factor.

PROOF. (1) Assume first that a fixes Z elementwise; then a~"(e) = e for each
e € Z and e, = e (with the notations of the preceding theorem). Hence, each such
algebra is of the required form.

On the other hand, if a does not fix Z, then a(e)e = 0 for some projection e € Z
and %B(e) will not have the form (1 — L,)2 + L2, .
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(2) From Theorem 4.5, £, would be a maximal o-weakly closed subalgebra if and
onlyifZ=CI. O
One can also check the following:

COROLLARY 4.7. a acts ergodically on Z if and only if there is no o-weakly closed
subalgebra of £ that contains L, ® (1 — L,)C, ( for some nonzero projection e in Z)
and is different from £.

We conclude with the following result.

PROPOSITION 4.8. Let B be a o-weakly closed subalgebra of £ that contains £, and
let ON be an invariant subspace. Then O is B-invariant (i.e., TOU C O for each
T € D) if and only if M © LN C e(L?), where B = B(e).

PrOOF. We can write 9N as an orthogonal sum of a pure invariant subspace and a
reducing subspace. The latter is clearly %B-invariant; hence we assume 9N is pure.
Then 9N is B-invariant if and only if B(IM) D B; i.e., if and only if e, < e, where
e, is the range projection of ¢(P(IMN)). Since ¢(e) = e- oo, this is equivalent to
d(P(M)) < ¢(e). As ¢(P(IN)) < oo, this holds if and only if P(IM) < e (in
£(MY)). But e lies in the center of (M) and thus I is B-invariant if and only if
P(OM)<e. O
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